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Method of separable of variables
Homogeneous Differential Equations
Exact Differential Equation
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| Bernoulli’s Equation

| Riccatti’s equation
¥ Reduction of Order
Application ;
| Newtfon'’s law of cooling
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Electric Circuit

1.1 Definition of ODE and Examples
| Definition 1.1.1 A differential equation is an equation which involves derivatives.

= Example 1.1

dy d?y  dy dz  dz dy
a) a—Zx—i—S D) xﬁ+6a——2y c) —x—x——z—O d) x—+y=3

d3y d’y : dy d?y 2 dy\* 3 %z 9%z ,
e) dx3+ (dxz) +dx cosx f) (dxz) +(dx) +9y=x" g) 8x2+8y2 x +y

A differential equation involving only ordinary derivatives (derivatives of functions of one
variable) is called ordinary differential equation.

= Example 1.2 Examplesa, b, d, e, fareanexample of ODE. "

If there are two or more independent variables, the derivatives are partial derivatives and the
equations are called a PDE.

m Example 1.3 Examples c,and g are an example of PDE. ]

Order of a differential equation
Definition 1.1.2 The order of a differential equation is defined as the order of the highest
derivative which appears in the equation.

= Example 1.4 Examples a, c, d are of order one where as b, f, g are of order two and e is
of order three =




6 Ordinary Differential Equations of the first order

Definition 1.1.3 The degree of a differential equation is the highest power of the highest
derivative in the equation, after the differential equation is expressed as a polynomial of the
dependent variable and its derivatives.

= Example 1.5

(@) y' —2xy' +y= ¢ order 2, degree 1

(b) (") +5(")° =2y +y = x* +2 order 3, degree 4

© ()I=y"+1.
First let us write the given differential equation as a polynomial of the dependent
variable and its derivatives, that is,
)=y +1 = (")} =0"+172=0")2+2"+1.
Therefore, the degree of the given differential equation is 2.

Definition 1.1.4 A solution of ODE is free from derivatives and which satisfies the given
differential equation.

If a solution of a differential equation is given explicitly as y = f(x) we call it an explicit solution,
otherwise it is of the form A(x,y) = 0 called implicit solution.

= Example 1.6 Show that ¢ and ¢** are solution of y/ — 5y’ +6y =0 .

Definition 1.1.5 A differential equation is said to be linear if it is linear in the dependent
variable and its derivatives, and those coefficients are a function of the independent variable.
That is, a differential equation is linear if the independent variable and its derivatives are not
multiplied together, not raised to powers, do not occur as the arguments of functions.

A differential equation which is not linear in some dependent variable is said to be non
linear.

p) Ann " order differential equation is linear if it can be written of the form

()Y + a1 )y - ar (0)y +ar (x)y +ao(x)y = f(x)
where the coefficients a;(x) are function of x alone.

m Example 1.7 For example

Differential equation Linearity
1| y'+4xy +2y=cosx Is linear, ordinary and order 2
¥y’ +4yy +2y = cosx Is nonlinear (. yy') .
0°u dv . : . . : .
3 2 + T +wu+v=-sinu | Is linear in v and nonlinear in u (. sinu).
The equation is nonlinear.

Initial value problem and Boundary Value Problem

In application one may be interested to find a solution to a differential equation satisfying certain
defined conditions and such conditions are called initial conditions. If all conditions are given at
one point of independent variable the conditions are called initial conditions and if the conditions
are given at more than one point of the independent variable the conditions are called boundary
conditions.
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1.2 Method of separable of variables 7

equation on the unknown functions and its derivatives specified at one value of the independent

‘ Definition 1.1.6 An IVP is a problem which seeks to determine a solution to a differential
variable.

2

d
m Example 1.8 Consider the differential equation d_}; = x+ 1 subject to the condition
X

y(0) =1,y(0) = 0. So the given problem is an IVP n

Definition 1.1.7 A BVP is a problem which seeks to determine a solution to a differential
equation subject to the boundary conditions on the unknown functions and its derivatives
specified at least at two different values of the independent variable.

= Example 1.9 Consider the differential equation y” 4+ y = 0 subject to the condition
y(0) =0,y(5) = 1. So the given problem is BVP .

1.2 Method of separable of variables
Definition 1.2.1 A differential equation of the form

dy _

0
dx

g(x) +h(y)
is called separabel equation

The solution is obtained by integrating both sides with respaect to x

/h(y)dy+ /g(X)dx =c

is the general solution.

= Example 1.10 Solve the following differential equations by separation of variables

d 2 d
dx y gx
’ dy _ x> 4. d—y:1+y2—2x—2xy2, y(0)=0
Tdx y(1+x3) .
u
Solution: )
d
1. The ODE a_r becomes ydy = x*dx
dx vy
= /ydy = /xzdx
2 3
Yy _ Y
= ) +c
= 2,
=\ —=+c
Y=\ 3
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8 Ordinary Differential Equations of the first order

d 2 2
2. The ODE & xibecomes ydy = i
dx  y(1+x3) 1+x3
=
/y ye /1+ 3
= E 3ln(1—|—x)

2
= y= gln(1+x3)+c

d 1
3. The ODE & = y —y* can be written as sdy =dx
dx y—y
1
== / sdy = (Integrating both side w.r.t. x)
y=y
1
— / 7dy = /dx
(1=
1
= / < - 1) dy = / dx ( integration by partial fraction)
y y—-
= In(y)—In(y—1)=x+c
— I =xtc = -2 =t
y—1 y—1
= Ll Ce" (where C = €°)
y
Ce*
— = —1 C X —_— =
y=(y—1)Ce Y= G
d
4. The ODE can be written as d—y = (1 —2x) +y*(1 —2x)
X
dy 2
== 1—2x)(1
D= (1-2)(1+)
= 2= (1 —2x)dx
= ™= / (1 —2x)dx ( integration by trignometric substitution lety = tan®)
y
= tanfly :x—x2+c
—  y=tan(x—x*+c) (The general solution)

From the initial condition y(0) = 0, we obtain,
y(0) =tan(0 —0+¢) = O=tanc = c=tan '0=0
Thus, the solution of the IVP is
y = tan(x — x°)

Exercise 1.1 Solve
(@) y +y*sinx =0

b) f = e
2y dy 1
2+1dx x2

(d) ¥*y?dx— (14+x*)dy=0, y(0)=1

d
e) (¥ —y) cosxd—z =¢e’sin2x, y(0)=0
) (xy+2x+y+2)dx+ (x> 4+2x)dy=0

. dy
XCO 2 n T
(g) ( cosy ( )Sl y, ’ y( ) 3
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1.3 Homogeneous Differential EQuations 9

1.3 Homogeneous Differential Equations
| Definition 1.3.1 A function f(x,y) is called homogeneous of degree nif f(Ax,Ay) = A" f(x,y)

s Example 1.11 a f(x,y) = x> —x%y* is homogeneous of degree 5.

b f(x,y) = x> +sinxcosy is not homogeneous because f(Ax,Ay) # A" f(x,y).
¢ f(x,y) =e* +tan Yis homogeneous of degree 0.
x

Definition 1.3.2 The differential equation of the form
M(x,y)dx+N(x,y)dy =0 (1.1)

is said to be homogeneous iff M(x,y) and N(x,y) are homogeneous functions of the same
degree.

Equation (1.1) can be written in the form

dy _ M(xy)
E - f(xvy) where f(xay) -

which is homogeneous of degree 0.

S fAxAy) =A% (5y) = flxy), setA=-

X
y y
= f(xay):f(h;):f(laz)a Z:}
dy dz dz
= _— = _— _— = 1
=y z.x=>dx z+xdx = z+xdx f(1,2)
xdz dz dx
= ———=dx = ———- ——=0 hich is separable
f(17Z)_Z * f(l,Z)_Z X (W P )
= Example 1.12 Solve
(v? +2xy)dx —x*dy =0 .

Solution: Both terms (M(x,y) = y* +2xy, & N(x,y) = —x?) in the differential equation are
homogeneous of degree 2, so the equation itself is homogeneous. Differentiating the substitution

y = zx gives
d d
== Z—l—x—Z = dy=zdx+xdz
dx dx ) 5
d 2 2
The given differential equation (y? + 2xy)dx — x*dy = 0 becomes dy_yray vy
dx x2 X2 x

d
Substituting y = zx and d—y in the differential equation we obtain the variables separable equation,
X

2+z J x

d d d d d
x40 = 22 _ ¥ / < ax
dx 4z X

d
/7Z =Inx+Inc=1Inz—In(z+1) =1Incx
z2(z+1)

= 4 =CX

= In
1 x+y

+ [=r<

Z z
1:lncx = —— =cx =

7+ z+1 2

Therefore the general solution of the given differential equation is

Zena Sahlemariam @ ASTU, December 29, 2018 Applied Mathematics ITI



10 Ordinary Differential Equations of the first order

CX2

y =
1 —cx
where C is an arbitrary constant. In this case the general solution is simple and y is determined

explicitly in terms of x.

m Example 1.13 Solve

y/:y_x n
y+x
: y—x
Solution: Let =
olution: Let f(x,y) o
Ay—Ax —x
fOxay) = 7200 = T 0 (xy)

Ay+Ax y+x

Thus, f(x,y) is homogeneous function of degree 0, so the given differential equation itself is

homogeneous. Differentiating the substitution y = zx gives
d d
& +x—z = dy=zdx+xdz
dx dx

dy
Substituting y = zx and T in the differential equation we obtain ,
X

+dz a—x +dz z—1 N dz _z—1
X— = —_—=
¢ dx zx+x ‘ dx z+1 dx 1+z
. dz —72—1
dx z+1
1 1 d
— g fa'x — / of >
—z2—1 —z—l x
. /< Z 1 )d dx
_ _ = | =
(2+1) 2241 x
1
= —Eln(zz—l—l)—tan*l(z):lnx+c
—  In(z2+1)+2tan"'(z) = —2Inx+C
¥\? —1(Y\ _
— In{ (=) +1])+2tan ~)=-2Inx+C
x X

2.2
In (x ty > +2tan”! <X> =—Inx*+C

==
X X
=4 ln(x2 +y2) —Inx®+2tan™" (X> = —Inx’4C
X
—  In(x*+y?) +2tan"! (X) =C (implicit solution)
X
Exercise 1.2 Solve
(@) ¥*ydx— (x> +y*)dy=0 (d) (y*—x*)dx+xydy =0
(b) xy' =2x+3y (e) y’dx— (x> +xy)dy =0
d —1
© =2 4tan? (f) — sin“dx+ 2sindy=0
dx x X y y y y
|
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1.4 Exact Differential Equation 11

Exact Differential Equation
Definition 1.4.1 A differential equation of the form
M(x,y)dx+N(x,y)dy =0

is said to be exact if there is a function f such that M (x,y) = (;f and N(x,y) = ‘;f
X y
d d
= Mdx+Ndy= —fdx+ —fdy =0
dx dy
f dfdy d
> nt a0 7 /=0

. f(x,y) = c is the general solution.

p) The partial derivatives of M and N exist and continuous.

Theorem 1.4.1 The differential equation

M(x,y)dx+N(x,y)dy =0

IdN M
is exact if and only if — =

dx  dy

Proof. (=) Assume the given differential equation is exact. By definition, there exist a a
differentiable function f(x,y) such that

af

M(x,y) = 5=

and N(x,y) =

Therefore,

oM  9’f ON

dy - dxdy T ox
The equality of the mixed partials is a consequence of the continuity of the first partial derivatives
ofM(x,y) and N(x,y).

IN oM
(<= To prove the converse of the theorem, we assume that % oy We need to show that
X Yy
there is a function f such that
d
M(x,y) = 8£ and (1.2)
af
N 1.3
(x,y) = 3y (1.3)
Integrating equation (1.2) with respect to x, holding y fixed (this is a partial integration) to obtain
flx) = [ M y)dx+hiy) (14)

where A(y) is an arbitrary function of y (this is the integration "constant" that we must allow to
depend on y, since we held y fixed in performing the integration).
Differentiating (1 4) partially with respect to y yields

/M dx+f

dh*N(xy) ay/ (x,y)dx (15)

dy

Zena Sahlemariam @ ASTU, December 29, 2018 Applied Mathematics ITI



12 Ordinary Differential Equations of the first order

To see that there is such a function of y, it suffices to show that the right-hand side in (1.5) is a
function of y. We can find g(y) by integrating with respect to y. Because the right hand side in
(1.5) is defined on a rectangle, and hence on an interval as a function of x, it suffices to show that
the derivative with respect to x is identically zero. But

9 (w( )—a/M( jix) = N /M
dx Y dy LY=oy 8x8y xy)d

ON
~ ox ayax/M”
v om
 9x  dy

by hypothesis. so we can find desired function /(y) by integrating eq. (1.5) with respect to y.

h(y)—/<zv(xy /Mxydx)dy

Substituting this in Eq. (1.4), f(x,y) becomes

0
e = [t [ (W)= 5 My a 16)
as the desired function with — of =M and = of =N |
ox dy
= Example 1.14 Test the differential equation
a (9x*+y—1)dx— (4y—x)dy =0
b edx+ (xe” +2y)dy =0
for exactness and solve it if it is exact. n

Solution:a) M(x,y) =9x*> +y—1, N(x,y) = —(4y —x) =x—4y

N o
ox  dy

Hence the given differential equation is exact.
By definition there exist a function f of two variables such that

af

= = o?4y—1 (1.7)
ox
o _ 4y (1.8)
dy

Integrating equation (1.7) with respect to x we get,

fl,y) = /(9)62 +y—1)dx
= 3 +xy+hy)
where A(y) is constant with respect to x. Differentiate w.r.t y, we obtain
If(xy) _
dy

comparing this with equation (1.8), we have

x+H(y)=x—4y = H(y)=—4y = h(y)=-2y
. f(x,y) = 3x% + yx — x — 2y? = c is the general solution of the given ODE.
b) Ans. f(x,y) =xe’ +y* =c

x+H(y)

Zena Sahlemariam @ ASTU, December 29, 2018 Applied Mathematics ITI



1.4 Exact Differential Equation 13

= Example 1.15 Solve (x+tan~!y)dx + ( lxi_yz) dy=0 m
y
. -1 Xty
Solution: Here we have, M (x,y) =x+tan "y, N(x,y)= R
y

ON 1  dM
ox 1+y2 9y
Hence the given differential equation is exact.
By definition there exist a function f of two variables such that

ﬁ = x—i—tan*ly (1.9)
ox

adf  x+y

87)7 = 172 (1.10)

Integrating equation (1.9) with respect to x we get,
1
flxy) = /(X+ tan"y)dx-+h(y) = 2x* +xtan'y+h(y)

where h(y) is constant with respect to x. Differentiate w.r.t y, we obtain

af(xy)  x ,
dy _l—l—y2+h(y)

comparing this with equation (1.10), we get

X x+y / y
h/ = — ]/l =
Ty T =1 O =13
y 1 2

») /1+y2y 5 In(1+y7)

1 1
. f(xv)’) = Exz +xtan*1y+ E111(1 +y2)
The general solution of the given ODE is
1 1
Exz +xtan_1y+ Eln(l +y2) —©c

Exercise 1.3 Determine which of the following equations are exact and solve it, if it is exact
(a) (e*siny—2ysinx)dx+ (e*cosy+2cosx)dy =0
() (y—x)dx+ (x+y*)dy=0
(c) (sinxsiny —xe”)dy = (e” + cosxcosy)dx
x

(d) dx= : —xzyzdx+ 1 —xzyzdy
-1

(e) —sin )—Ca’x+ 12 sin )—Cdy =0
y y y y

() (3x% 4 y?)dx+2xydy =0

(g) 3x%ydx+xdy =0

(h) 2xsinydx+x*cosydy =0

() (6xy —y3)dx+ (4y+3x* —3xy*)dy =0

Answer: a) e*siny+2ycosx =c b)4xy —x* —i—y4 =c¢ ¢)xe¥ +sinxsiny =c¢
1

d)ln(+xy> —2x=c e)cos{:corfzc
I —xy y y

Zena Sahlemariam @ ASTU, December 29, 2018 Applied Mathematics ITI



14 Ordinary Differential Equations of the first order

1.5 Integrating factor

Definition 1.5.1 Let M(x,y)dx+ N(x,y)dy = 0 is not exact, any function u which makes
U (M(x,y)dx+ N(x,y)dy) = 0 exact is called integrating factor.

m Example 1.16 Show that it = ye* is an integrating factor for the differential equation

(_siny —2e™* sinx) dx+ <cosy I cosx) dy=0
y y

and use this fact to find a solution to the differential equation. "

Answer: f(x,y) = e*siny+2ycosx

Theorem 1.5.1 A differential equation of the form M (x,y)dx+ N(x,y)dy = 0 has an integrat-
ing factor if it has a general solution

Proof. Let f(x,y) = c be the general solution. Then

af
df _of  ofdy dy _ _ox
dx dx dydx dx af
Iy

of
dy M __ ox

= dx__ﬁ__g
dy
9if  af
9y _ 9x _
= N—M—,u (let)
of aIf

Multiplying the given equation by u
pM (x,y)dx+ N (x,y)dy =0

which is exact. |

Finding the integrating factor

UM (x,y)dx+ puN(x,y)dy =0
d(uN) _ d(uM)
= ox  dy
JdN u M u
= ,ua—erNg_ua—y Ma—y

u u oM JN
- W -ug-u (5 -5)

1 au Ju\ JM ON

Zena Sahlemariam @ ASTU, December 29, 2018 Applied Mathematics ITI



1.5 Integrating factor

15

Case 1: Let u be a function of x alone then (1.11) become

() on
u dx dy dx

oM JN
1ou 9y ox
ﬁg N N dx

= lnu:/g(x)dx = u:efg(x)dx

Case 2: Similarly if u is a function of y alone
oM ON

Vw3 o
waoy  —-M

= u= efh(y)dy

= h(y)

—¢() = L(np) =g

» Example 1.17 Solve (3x%y +2xy +y*)dx+ (x> +y?)dy = 0 -

Solution: M(x,y) = 3x’y+2xy+y>, N(x,y) =x*+
oM ON

=32 4+2x+3? =2

dy dy

The differential equation is not exact

y2

oM ON
aiy—g:3X2+2x+3y2—2x:3(.x2+y2)
dM JN
('Ty_ﬁ X +y?
= gl =G =3 =3

= efg(x)dx _ ef3dx — X
Thus the ODE is reduced in to
e (3x2y 4 2xy +y)dx 4 ¥

which is exact.
By definition there exist a function f such that

af_ 3x
a—e

Integrating the second w.r.t. y,

(3x%y + 2xy +y?) and

(¥ +y*)dy =0

If a2
a—y_e (x*+y°)

3

flxn) = [y =0y % ()

al_ 3x 3x(,2 )j /
= 5 = (2xy) + 3e (xy+3)+c(x)

= My 437y +y*) +(v)

By comparing the above equation, we have ¢/(x) =0

= ¢(x) =c. Hence
3

Flry) = ey +2) =k

is the general solution.

3

Zena Sahlemariam @ ASTU, December 29, 2018
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16 Ordinary Differential Equations of the first order

= Example 1.18 Solve the initial value problem ydx + (2x —ye”)dy =0, y(0)=1 n
oM JdN oM  JN
Solution: M(x,y) =), N(x,y) = 2X*y€y = Ty = 1, g =2 = 87)) # g
The given differential equation is not exact.
oM JN
———=—=1-2=-1
dy Ox
oM ON
dy ox -1 1
hy) =2 = — =—
-M y oy

u= efh(y)dy — ef %dy — elny =y

Thus the differential equation is reduced in to
y2dx+y(2x —ye')dy = 0

which is exact.

By definition there exist a function f such that

af o, of o 5
5 =Y and = = y(2x — ye”)

dy
Integrating the first w.r.t. x, we get

0
f(x,y)=/y2dx:y2x4rg(y) = ajyc=2xy+g’(y)

Comparing with the second equation, we have
g0 = = gy) = 2+2y-))
= foy) =0’ +e'(2+2y-)%)
The general solution is xy?> +e”(242y —y?) = ¢
From the initial conditions, we get ¢ = 3e and
xy? +e¥(2+2y —y?) =3e
is the solution of the IVP.

m Example 1.19 Solve ydx+3xdy =0 "
oM JON
Solution: M(x,y) =y, N(x,y)=3x = oy =1, En =3
The differential equation is not exact
dM JN
———=—=1-3=-2
dy dx
dM ON
a2
— 8= N - 3y
-2
—dx _ 1
_ Jgx)dx _ / _ Zlnx _
u=es =e) 3x =3 = 7
OR
oM _oN
dy ox -2 2
h(y) = yT ===
- -y Yy

2

y
n o= e/ h()dy — e/ y = 2y yl

Zena Sahlemariam @ ASTU, December 29, 2018 Applied Mathematics ITI



1.5 Integrating factor 17

Hence, for the given differential equation we have two integrating factor. This implies that,
integrating factor is not unique.
Thus the ODE is reduced in to

Gdx+3(x)!Pdy =0 Or  ydx+307dy=0
which is exact.

By definition there exist a function f such that

oOf _ vy
= = 1.12
ox (1) (1.12)
of i
I —t /3 1.13
5y =30 (113
Integrating equation (1.13) w.r.t. y,
Flx) = [ 360"y =3y +h(x)
af vy
i /4
ox ~ Gpn 1)
By comparing the above equation with (1.12), we have //(x) =0 = h(x) = c. Hence
Flx,y) = 3yxs
Hence, the general solution is given by
3yx% =c= xy’=C
OR ydx+3xy*dy =0
By definition there exist a function f such that
af _ 3
= = 1.14
o (1.14)
d
9F _ 32 (1.15)
dy

Integrating equation (1.14) w.r.t. X,

flxy) = / ydx =xy’ +g(y)
d ,
= ajyr=3y2+g(y)

By comparing the above equation with (1.15), we have g'(y) =0 = g(y) = c. Hence

flxy) =xy°
Hence, the general solution is given by

xy=C

Exercise 1.4 Solve the following differential equation by finding an integrating factor
@ (Bry+y?)+ (x> +xy)y =0
() (xy—1)dx+ (x> —xy)dy =0
© Y42y =", y(0)=-1

Zena Sahlemariam @ ASTU, December 29, 2018 Applied Mathematics ITI



1.6

18 Ordinary Differential Equations of the first order

Linear first order Differential Equation

The standard form of a first order differential equation is
dy

2 TPy =4(x) (1.16)
where p(x) and q(x) are any function of x.
= (p(x)y—q(x))dx+dy=0 (1.17)

= M(x,y)=p(x)y—q(x), N(x,y)=1
Equation (1.17) is not exact, exactness would require M, = N,

oM OJN
———=p)
y X
oM _oN
y x  px)
= N = =p(x)
o u = el

Multiplying equation (1.16) by u
efp(x)dx% el P () — ol PR )
d d
(el pdx) — [ p@dx DY [ px)dx — ol P(x)dx
= = (ye ) e T +e px)=e q(x)
= yefp(x)dx:/efp(x)dxq(x)dx—l-c

y=e /P& [ / e/ PO g(x)dx + ¢| (The general solution)

= Example 1.20 Solve the following differential equation
a y +ycotx = sinx
b y +2xy =4x
cxy—y=x

e—X

Solution:
a ¥ +ycotx = sinx is a linear first order differential equation with p(x) = cotx&g(x) = sinx

y o= e Iptod [ / efp(X)dxq(x)dx—Fc]
_ effcotxdx I:/ efcotxdx sinxdx—i—C]

e—lnsmx |:/ elnsmx sinxdx+c]

LT
= — /sinzxdx#—c}
sinx

1 1 —cos2x ]
= — / dx+c
sinx | 2

1 1 sin2 1 1  2sinxcosx
= sinx [2x 4 C] - sinx[Zx_ 4

B X COSX c

T 2sinx 2 sinx
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d
b idd +2xy =4x, p(x)=2x, g(x)=4x
X

d
y = e lpWwx [ / efp(x)dxq<x)dx+c]

_ e—fodX |:/ef2xdx4xdx+6.:| — €_x2 |:/ex24)Cdx+C:|

= [28"2 + c} =24+ ce ™
X 1 1

et = y’—;zxe‘, p(X)Z—;, q(x) = xe

1
—[——d
y = e / X x[/efldxxexdx—i—c}

= M [/e_lnxxe_"dx—i—c] = x [/e_xdx—i—c}

= x[—e "4c]=—xe " +cx

cxy—y=x _x

Bernoulli’s Equation

The differential equation

dy - n
o p(x)y =q(x)y (1.18)

where n is any real number, is called Bernoulli’s equation. Note that for n =0 and n =1,
equation (1.18) is linear. For n # 0 and n # 1 the substitution z = y' =" reduces any equation of
form (1.18) to a linear equation.

dz _,dy dy ytoodz
(L=n)y dx dx (l—n)dx

dx

Substitute in equation (??), we get

n

y dz _ n
= U nd +p(x)y =q(x)y
L By —g(v)  (Divide both sides by y")
(1—n)dx Py =4 v
1 dz
e —_— —
Pz =4
d
— f +(1—=n)p(x)z=(1—n)g(x) (Linear first order differential equation)
X

The general solution of the Bernoulli equation is

yl—nef(l—n)p(x)dx _ /(1 - n)q(x)ef(l—n)p(x)dxdx+c

d
= Example 1.21 Solve xd—y ty =222 .
X

Solution: We first rewrite the equation as

dy 1
Ttoy=0’
X X
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by dividing by x. With n = 2 we have z = y~!. We then substitute
dy _ _p&
dx Y dx

into the given equation and simplify. The result is

2d7_|_l =X = % l = _x

dz 1 1
= TR = P(x) = —;,Q(x)——x

Hence,

2 o= o JPW V [P() Q) x )dx—i—c]

= ¢ /- Idx[/j dx—i—c]—el [/—xe‘lnxdx+c}

= x[—/dx+c] =x[—x+c]=—x"+ex

=y = —x>+cx
1

— = B ——
Y —x24cx

Exercise 1.5 Solve

=D
@ Gy=dy O Wd=x @)oo

Riccatti’s equation

A differential equation of the form
d
T )y +gx)y” = (@) (1.19)

is a Riccatti differential equation.
e If g(x) =0, then (1.19) is first order linear differential equation.
e If r(x) =0, then (1.19) is Bernoulli’s differential equation
Riccati differential equation can be solved if at least one non-trivial particular solution is known.
Suppose that u = u(x) is a solution of (1.19) and make the change of variables y = u+v
to reduce the Riccati equation into Bernoulli equation. Then y’ = ' +V' and the differential
equation (1.19) becomes

W+ p(x) (u+v) +q(x) (u+v)* = r(x)

u +V 4 p(x) (u+v) +q(x) (u® 4+ 2uv +v*) = r(x)

i + p(x)u+q(x)u +v' + p(x)v + g(x)v* + 2uvq(x) = r(x)

V4 (p(x) +2g(x)u)v+g(x)v* =0 Since u’ + p(x)u+q(x)u® = r(x)
V 4+ (p(x) +2g(x)u)v = —g(x)»* (Bernoulli’s differential equation)

FEE
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1 4 2
= Example 1.22 Solve y/ + -y —y> = —— with u = — a given solution. "
X X X

Solution: The given differential equation is Riccati’s differential equation.

2 2
Let y = — +v is the general solution. Then y’ = —— +/. Substituting into the given
X x
differential equation:

2, 1/2 2 \* 4
—SHV (v ) (4] =—
x2 x \x X x?
2

RVt
V—Zyv=1? Bernoulli equation with n =2
X
dz dv dv dz
© Z_ v. en dx Y dx dx Y dx
Substituting:
3 dz 3
Vo=t = 28T, 2
X dx x
dz 31 dz 3
—t——=—1 = —+-z=-1
dx+xv d)c—i_xZ
— = Ji® [/efidx(—l)dx—i—c]
— — 673lnx |:_/e3lnxdx+cj|
1 11
-1 3 4
— = — | — — — | =
v x3[/x+c} x3[4x+c}
. 1 1 c x4
L=yt
v 4 X3 43
. 4x3
V= —F—
x4+61
Therefore, the general solution for the given Riccati equation is
—2+ 4x3
=3 X+

Reduction of Order

Some differential equation of the second order can be solved by reducing to a first order
differential equation.
The general second order differential equation has the from
F()C, Ys ylv y,/) =0
To solve we consider two special cases
i Dependent variable missing

flx ¥y, y")=0
/ y_dp
Lety=p andy’ = I Then
X

d
f (x, D, dp> = (0 — (reduced to first order ODE in p)
b
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22 Ordinary Differential Equations of the first order

= Example 1.23 Solve xy” —y' = 3x? .
Solution: The differential equation reduced to
dp 2 dp 1
— —p=373 - —_—p=3
X Tp=3x = P
= p=y=324cx = y=x +2c1x +c;

ii Independent variable missing

g, Y, y")=0

dp dp dy d—p . Then

Lety = p andy” T x dydr dy

d
8 <y, Ds pdp> = 0 — (reduced to first order ODE in p)
Yy

= Example 1.24 Solve 2yy" — (y')> =1 .

Solution: The given differential equation reduced to

d dp
2yp—p—p =1 = 2ypd =p L |

dy
2p 1
- dp fd - —d
PP / 217 /y Y
— A N
= C _— X =
p y-l= T
1
e y:iclx cly—l—l—C
= Example 1.25 Solve y” +k%*y = 0 k is constant .

Solution: The differential equation reduced to

p£+k2y:0 —  pdp+krydy=0

dy

— P4+ =k = p=y =+kJ/a®—)?
d

Y fkdx — sin 'Y = thke+b

- /a2_y2 a

= y=asin(tkx+b)

The general solution can be y = ¢ sinkx + ¢; cos kx ( by expanding sin(kx + B) & changing the
from of constant)

Exercise 1.6 Solve the following
(a) yy”+( N2=0 (b) Y —ky=0 (c) (x*+2y)y"+2xy' =0, y(0)=1,y'(0)=0
dxy"=y+/)3, @ »=y+()? y0)=7,y(0) =1
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Application

Newton’s law of cooling

According to Newton’s empirical law of cooling, the rate at which the temperature of a body

changes is proportional to the difference between the temperature of the body and the temperature

of the surrounding medium. If 7'() represents the temperature of a body at time t, 7,, the
T

temperature of the surrounding medium, and o the rate at which the temperature of the body

changes, then

Aot 1, or L r—1,)
— < — ryr — = — Iy
dt m T

where k is a constant of proportionality.

m Example 1.26 A pot of liquid is put on the stove to boil. The temperature of the liquid
reaches 170°F and then the pot is taken off the burner and placed on a counter in the kitchen.
The temperature of the air in the kitchen is 76°F. After two minutes the temperature of the
liquid in the pot is 123°F. How long before the temperature of the liquid in the pot will be
84°F? |

dT
Solution: 7, =76, i k(T —76), T(0) = 170.
Solving this separable differential equation, we get

dT aT
T_76_kdt = /T_76_/kdt = In(T—76) =kt +c

= T-76=Cé" = T({t)=Ce"+76 = T(0)=170 = C=170—-76=94
11
T(2)=123 = 123=94¢* 176 = 47=94* = k= In- =—0.3466

- T(Z) — 94670.34662 +76
= 84 =094 030 4 76 — §—04703466 (3466t = —2.4639 = r=7.1088

When ¢ = 7.1088 minutes the temperature of the liquid in the pot is 84°F

Exercise 1.7

1. An object with temperature 150% is placed in a freezer whose temperature is 30%¢
assume that newtons law of cooling applies and that the temperature of the freezer
remains essentially constant. If this object is cooled to 120°¢ after 8 minutes, what will
its temperature be after 16 minutes? When will its temperature be 60°¢?

2. A thermometer is removed from a room where the temperature is 70°F and is taken
outside, where the air temperature is 10°F. After one-half minute the thermometer
reads S0°F. What is the reading of the thermometer at t = 1 min? How long will it take
for the thermometer to reach 15°F?

3. The rate at which a body loses temperature at any instant is proportional to the amount
by which the temperature of the body exceeds room temperature at the instant. A
container of hot liquid is placed in a room of temperature 19°¢ and in 8 minutes the
liquid cools from 83° to 51%. How long does it takes for the liquid to cool from
27% t0 25%¢?
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Mixtures

Mixing problem occur quite frequently in chemical industry. Mixture problems generally concern
a tank, or reservoir, containing a solution of some substance, being filled at a certain rate with
another solution of the same substance, instantaneously mixed with the solution in the tank, and
at the same time being drained at a certain rate.

The mixing of two salt solutions of differing concentrations gives rise to a first-order differential
equation for the amount of salt contained in the mixture.

Let A(r) denotes the amount of substance in the tank at time t, then the rate at which A(¢) changes
is a net rate:

dA
i (input rate of salt) — (output rate of salt) = R;, — Ry

where R;, = (Flow rate of the liquid entering )(Concentration of salt in it)
R,.; = (Flow rate of the liquid leaving)(Concentration of salt in it)
A1)
volume of fluid in the tank at any time

Concentration of salt in the tank at any time t =

But the volume of brine at time t is given by
(initial volume) + (net change in volume)
= (initial volume) + (flow rate entering — flow rate exit)t

= Example 1.27 A large tank holds 300 gallons of brine solution. Salt was entering and
leaving the tank;A concentration of 2 Ibs/gal is pumped into the tank at a rate of 3 gal /min;
it mixed with the solution there, and then the mixture was pumped out at the rate of 3 gal /min.
If 50 pounds of salt were dissolved initially in the 300 gallons, how much salt is in the tank
after a long time? "

dA
Solution: i Rin — Rous

b [ b
gal min min

Now, since the solution is being pumped out of the tank at the same rate that it is pumped in, the
number of gallons of brine in the tank at time t is a constant 300 gallons. Hence the concentration

At
of the salt in the tank as well as in the outflow is ¢(f) = W

R . A Ibs 3 gal\ A Ibs

= \300gal ) \"min) ~ 100 min
dA A
— = 6—— A(0)=50

di 100’ ©
dA A 1
E + m_67 p(t)_ma C](l)—6

A(r) = 600+ce 1% A(0) = 50,
= 600+ce 10 —50 = ¢=-550x10’

Thus the amount of salt in the tank at time t is given by
A(t) = 600—550¢1/100

over a long time the number of pounds of salt in the solution must be 600 /b
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m Example 1.28 A large tank holds 300 gallons of brine solution with 40 [bs of salt. A
concentration of 2 [bs/gal is pumped in at a rate of 4 gal /min. The concentration leaving the

tank is pumped out at a rate of 3 gal /min. How much salt is in the tank after 12 min? "
dA
Solution: — =R;;, — R,,
olution 7 "
Rin = < ”’s> < g”?’) _g
gal min min
R _ lbs 3g7al . 3A lbfs
our 3004—tgal min) ~ 300+t min
dA 3A
— = 8- A(0) =40
dt 300+ ()
dA

aq A=8. p(t)=—> qg(t) =
dr T 30041 » PO = 35077 90

c
A(t) = 60042+ ———— A(0) =40
) a0t A =40

— _ 7
= 600+3OO3 40 = c=-1512x10

How much salt is in the tank after 12 min?

1512 x 107
A(12)—-6OO—%2(10)——(300_f12)325126.121bs of salt

= Example 1.29 In an oil refinery, a storage tank contains 2000 gal of gasoline that initially
has 100 [b of an additive dissolved in it. In preparation for winter weather, gasoline containing
2 Ib of additive per gallon is pumped into the tank at a rate of 40 gal /min. The well-mixed
solution is pumped out at a rate of 45 gal /min. How much of the additive is in the tank 20
min after the pumping process begins? n

Solution: Let A be the amount (in pounds) of additive in the tank at time . We know that
A =100 when ¢ = 0. The number of gallons of gasoline and additive in solution in the tank at
any time ¢ is

V(t) =200+ (40 gal /min — 45 gal /min)(t min) = (2000 — 5¢t) gal

Therefore, Ry, = ‘/8 X (Rate out flow) = <2()()(§—)5t> 45,

b [ b
Rip = (2) <4og“) = 80 —
gal min min

The differential equation modeling the mixture process is

dA 45A

. = Rin - Rou = T ASAnn =,

dt r =80~ 5000 —5r
in pounds per minute.

Thus the general solution is

3900
(2000)°

— 2(2000 — 5¢) +C(2000— 51)°, A(0) =100 = C=—
= A(20)=13421b
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Exercise 1.8 1. Consider a large tank holding 1000 L of pure water into which a brine
solution of salt begins to flow at a constant rate of 6 L/min. The solution inside the
tank is kept well stirred, and is flowing out of the tank at a rate of 6 L/min. If the
concentration of salt in the brine solution entering the tank is 0.1 Kg/L, determine
when the concentration of salt will reach 0.05 Kg/L.

2. Consider a tank in which 1 g of chlorine is initially present in 100m?> of a solution of
water and chlorine. A chlorine solution concentrated at 0.03g/m? flows into the tank at
arate of 1m3 /min, while the uniformly mixed solution exits the tank at 2m? /min. At
what time is the maximum amount of chlorine present in the tank, and how much is
present?

1.10.3  Electric Circuit
A RL-Series circuit: Kirchoff’s second law states that the sum of the voltage, V(¢) drop

) dl . . .
across the inductor, L(E) and across the resistor R/ is the same as the impressed voltage

V(t) in the circuit where / is current.
dl

V(t)=RI +LE
B RC-Series circuit: Kirchoff’s second law states that the sum of the voltage, V() drop
across the capacitor, lq(t) and across the resistor R/ is the same as the impressed voltage
V(¢) in the circuit where ¢ is the charge on the capacitor.

1
V(t)=RI+—q
C

= Example 1.30 An RL-circuit has an electromotive force of 5 volts, a resistor of 50Q an
inductance of 1 Henry and no initial current. Find the current in the circuit at any time. "

dl
Solution: V(t) :RI+LE ,V=5 R=50, L=1

dl 11
50/ +— =5 I(t) = — — —e "
T = 1)=15"1¢

= Example 1.31 A 100-volt electromotive force is applied to an RC series circuit in which the
resistance is 200 ohms and the capacitance is 10~ farad. Find the charge g(¢) on the capacitor
if ¢(0) = 0. Find the current i(t). .

1 d 1
Solution: V(t) =RI+-q = V(t)= Jrach +-q,
C C

dt
V =100, R=200, C=10"*

dq 1 dg 1
— 20024 "~ =100 — “L450g=-
ar 1049 ar =5

1 1
— g=e /%M [/ 2ef50d’dt+c] — g=¢ " V 2eSOtdt+c}

1
— g= e—SOt {eSOI_‘_C} = gq= Ce—SOt +

100 100
1
From the initial condition, ¢(0) = 0, we obtain ¢ = ~100° Thus,
11 dg 1
I T L, L.
1= 700 100 M7 4 T2¢
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2 = Ordinary Linear Differential Equation of the second order

=%

2.1 Homogeneous Linear Differential EqQuation of the second order
A second-order linear differential equation has the form
Y'+P(x)y +0(x)y = R(x) 2.1)

where P, Q and R are continuous functions of x.
If R(x) =0, for all x, then (2.1) reduces

y'+Px)y +0(x)y=0 (2.2)

and is called homogeneous. If R(x) # 0, , then (2.1) is called non-homogeneous.
Let yq(x,c1,c2) is the general solution of (2.2). Let y, is a fixed particular solution of (2.1).
If y is any other solution of (2.1) then we can show that y —y), is a solution of (2.2)

(=39 + PO =3) + QW0 =3p) = 3=y +P(x)yy — Py + 06}y, ~ Q0
= Yo+ Py, +0x)y,— (' +Px)y +0Q(x)y) =R—R=0

There fore, y — y), is a solution of y” + Py’ + Qy = 0.
Since y,(x,c1,c2) is the general solution of (2.2),

— Y=Yy =ys(x,c1,02) = y=yp,+ye(x,c1,2)

Theorem 2.1.1 — (Principle of supper position) If y;(x) and y,(x) are any solution of (2.2)
then c1y; (x) 4 c2y2(x) is also a solution of (2.2) for any constant ¢; & ¢;

Proof. Since y; and y, are solution of (2.2) we have
Y +Py;+0y1 =0and )+ Py, + 0y, =0
Let y = c1y1 + ¢c2y2. We want to show y is solution of (2.2).
(c1y1 +cay2)" + P(eryr +c2y2)' + Q(ciy1 +cay2) = c1y +cays + Peryy + Peays + Qciyi +Qcaya

= (] +PY1+0y1) +c2(y5 +Pys+0y2)
= ¢1.04c.0=0

Therefore, c1y; + c2y; is also a solution of (2.2) [ |
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R) Super position principle in general does’t hold for non-homogeneous and non-linear.

= Example 2.1 1. y; = 1+4cosx and y, = 1 + sinx are solutions of the non-homogeneous
differential equation y” +y = 1 but their linear combination y; +y, = 2+ cosx + sinx
is not the solution.
2. y; =x? and y, = 1 are the solutions of the non-linear DE yy” — xy’ = 0 but their linear
combination y; +y, = x% 4 1 is not the solution.

Linear independence and Wronskian

Definition 2.1.1 If y;, y», ...y, are functions in an interval I and if each function possesses
(n-1) derivatives on this interval then the Wronskian of the n function is
yix) o oy2(x) o da(x)
nx) ) )
W(x) :W(yl7 2, yn) = y/ll(x) ylzl(x) y;{(x)
- - R
A
In particular, for two differentiable functions y; (x) and y,(x) the Wronskian is defined as
W) =Wl ) = | 400 2200 (0~ @3
yi(x) ¥ ()

Definition 2.1.2 A collection of function {y;(x)}_, is linearly independent on (a, b) if
n

Y ¢iyi=0, Vx € (a, b)thenc;=0, (i=0, 1,...n) otherewise {y;(x)}", is called linearly
i=1

dependent.

If W(y1, y2) # O then the function y; (x) and y,(x) are linearly independent and if W (y;, y2) =0
then they are linearly dependent.

| Definition 2.1.3 A set of a linearly independent solutions is called fundamental set

Theorem 2.1.2 Let y;(x) and y(x) are linearly independent solution of the homogeneous
equation

Y +Px)y +0(x)y=0 (2.4)

on the interval [a, b] then c1y; + ¢2y; is the general solution of (2.4).

Corollary 2.1.3 If y; and y; are any two solution of (2.4) on (a, b) then their Wronskian
W =W (y1, y2) is either identically zero or never zero on [a, b]

Corollary 2.1.4 If y; and y, are any two solution of (2.4) on (a, b) then they are linearly
dependent on this interval if and only if their Wronskian W = W (y1, y2) = y1y2 — y2y] is
identically zero.
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= Example 2.2 Show that y = ¢; sinx + ¢; cosx is the general solution of y” +y = 0 on any
interval. Find the particular solution for which y(0) =2 & y'(0) =3 n

2.2 The use of a known solution to find another (Reduction order)

Lety” +P(x)y +Q(x)y =01If y; and y; are linearly idependent solution of (2.4), then the general
solution is y = c1y| +c2y2. If y; is a solution then cy; is also a solution of (2.4). Replace c by a
variable v and let y, = vy;.
Assume that y; is also a solution of (2.4)

Yo +Pyy+ 0y, =0
To find v,

Ya=wi+vyr and Yy =y + 20y +V'y

Vo+PY,+0va = wi+2Vy] +V'y + Py +Vy1) + 0(vy)
= 0T +PY+0y)+V 2y +py1) +V'0
= ViV +py)=0

V! 2
= Vy+V (2 +py) =0 = vy L—P
Integrating
Inv' = —2lny, —/P(x)dx = V= ylzefp(x)dx
1

V= /ize_fp(")dxdx
1

1
1

= Example 2.3 Let y; = x is a solution of x>y” +xy’ —y = 0. Find the general solution. =

. 1 1 1
Solution: x*y"+xy—y=0 = y'+ ;y” —ar= 0, plx)= L 2=

Vv = /126fP(x)dxdx:/lzefidxdx:/lzelnxdx:/gdx: _Lz
Vi X X X 2x

1
2x

1

1

The general solution is y = cjx+ cox™

Exercise 2.1 Find the general solution of
@ y'+y=0, yy=sinx (b) y'—y=0, yi=¢

© xy'+3y =0, yy=1 () (1-x2)y"—2xy +2y=0, y;=x n
Answer:
a y=cjsinx+cycosx C y:cl—i-czaf2
_ —x 1
b y=cie+ce d y261x+cz<;ln<l+x>—l>
—Xx

Zena Sahlemariam @ ASTU, December 29, 2018 Applied Mathematics ITI
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2.3 Homogeneous Differential Equation with constant coefficient
The special case of y” + p(x)y’ + g(x)y = 0 for which p(x) and ¢(x) are constants

Y+ py +qy=0 (2.5)

Lety=¢"™ be possible solution of (2.5)

yl — memxj y _ m2€mx

"y pme™ +qe™ =0 = (m*+pm+q)e™ =0

= m?*+pm+q=0 — This equation is called auxilary/characterstics equation

The two roots m; and my

-p+Vp*—4q =P 44

m=—-————, M= )

Case 1: Distinct two real roots (p> —4g > 0).
We have two solutions ¢™'* and ¢"*. (Let m; and m; solution for characterstics equation)

PUIE

e x

= elm—m)x jg not constant = ™Y and "%

are linearly independent.

The general solution is y = c1e™'* 4 cpe*

Case 2: If p> —4g =0 (One solution)
—P

y=

€™ is a solution where m = —
Lety, = ¢~ %, then Y2 =vyp

2

1 1 1
= yz—yl/—e Irdxgy = o~ gx/—ze*pxdx:e’%‘/ e PXdx — xe %
yl i e px

The general solutionisy =ciy;+cy» = y= cle_%x + coxe” hx
Case 3: If p2 —4¢g < 0. In this case m; and my can be written as a & ib

M = platibly — pax (cosbx+isinbx), €™ = elaih)x — pax (cosbx —isinbx)
= M+ e™ = 2e*cosbx, MY — ™" = 2ie™ sinbx
y = €*(cicosbx+ cysinbx)
= Example 2.4 Solve the following
d2 d d’y _dy d’y
() 3d—y—4 =0 () 2y"-3yY=0 (c) —+8d—+16y 0 (d) -l-y 0
|
Exercise 2.2 1. Find the general solution of
@ y' =5y —14y=0 (d) 4" -5y =0,9(-2) =0,y (-2) =7
(b) y'+3y'+3y=0 @Y + 14 +49 = 0, y(-4) =
(c) y'+10y' +25y=0 —1,y(-4)=5
| |
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2.3 Homogeneous Differential Equation with constant coefficient 31

2.3.1 Cauchy-Euler equation

A linear differential equation of the form

d’y . dy

2

— +bx— =0 2.6
ax dx2+ xdx+cy (2.6)
where the coefficients a, b, c are constants, is known as a Cauchy-Euler equation.

Let y = x™ be possible solution of (2.6)

2 d?y dy 2 m—2 -1
ax"—=+bx—+cy = ax'm(m—1)xX"""+bxmx" " +cx" =0
dx? dx
= (am(m—1)+bm+c)x" =0
= am(m—1)+bm+c=0, x"#0

— am*+(b—a)m+c=0 (2.7)

CASE1 : DISTINCT REAL ROOTS: Let m; and m, denote the real roots of ((2.7)) such that

my # my. Then y; = x™ and y, = x™ form a fundamental set of solutions. Hence the
general solution is

y=cx™ +cpx™

CASE 1l : REPEATED REAL ROOTS: If the roots of (2.7) are repeated (that is, m; = my ), then
we obtain only one solution—namely, yx"" . When the roots of the quadratic equation

am? 4 (b —a)m+ ¢ = 0 are equal, the discriminant of the coefficients is necessarily zero.

b—
It follows from the quadratic formula that the root must be m; = — a

Now we can construct a second solution y, , using reduction of orderlee first write the
Cauchy-Euler equation in the standard form

d’y b dy c 0

a2 axdx " a

b b b
Hence, P(x) = — = | — = —Inx. Thus,
ax | ax a 1
_ —[P(x)dx 7. _ ~by
Y2 = Vi /y%e JP(x) Xdx = x™ /xzml e alh ¥y

= M /xfzm‘xfg x=x" /xb%axfgdx
1
= M /fdx =x""Inx
X
The general solution is then
y=c1X™ +cx™ Inx
CASE 1l : CONJUGATE COMPLEX ROOTS: If the roots of (2.7) are the conjugate pair
my=o+iff,m=a—if,
then the general solution is
y =x%[c;cos(BInx) + ¢z sin(B Inx)]

= Example 2.5 Solve
(@) x2y"+3xy +10y=0
(b) 2x%y" 4+ 10xy' +8y =0
(c) x5 +2xy =12y =0
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32 Ordinary Linear Differential Equation of the second order

2.4 Methods for solving non homogeneous linear differential equations
2.4.1 Method of Undetermined Coefficients

Consider
Y+ p(x)y +4q(x)y = R(x) (2.8)

if yo(x) ( the general solution of the associated homogenous equation) is know and y), is a
particular solution of (2.8) then

y=yg(x) +yp(x)

is the general solution of (2.8).
Now let us see how to found y, with some special cases where
e the coefficients p and ¢ are constants and
e R(x) is a constant k, a polynomial function, an exponential function e** , a sine or cosine
function sin bx or cos bx, or finite sums and products of these functions.
The procedure for finding y), is called the method of undetermined coefficients.
o If R(x) = e then take y, = Ae™, where A is the undetermined coefficients and a is not
roots of the auxiliary equation m? + pm+q = 0.

Hence, A = , @+ patqg#0

a’>+pa+q
— If a is a single roots of the auxiliary equation m? 4 pm + ¢ = 0, then take yp = Axe™.

1
ThusA=—, 2 0
us iy a+p#
— If ais a double roots of the auxiliary equation m> + pm+ g = 0, then take y p= Ax?e™.

1
Thus A = -
us 5

e If R(x) = sinbx then take y, = Asinbx + Bcosbx,
The undetermined coefficients A and B can how be computed by substituting and equating
the resulting coefficients of sinbx and cosbx.
o IfR(x) =ap+aix+a+...+ax", take y, = Ag+A1x+A1x> +... + A X"
If the constant g happens to be zero, then this procedure gives x"~! as the highest power
of x on the left of (2.8), so in this case we take our trial solution in the form
yp = x(Ag FAXHAR . ALY

p) Ifany y,; contains terms that duplicate terms in y, , then that y,; must be multiplied by x" ,
where n is the smallest positive integer that eliminates that duplication.

s Example 2.6 Find the general solution of
a y"+3y — 10y = 6
b y' 44y = 3sinx
c y' =2y +5y=25x>+12

Exercise 2.3 Find the general solution of
(@) ' — 4y +4y =€
(b) y"+4y=3cos2x
(¢) ¥ +4y =sinx+sin2x
(d) y'+y=4x+10sinx, y(n) =0, y'(n) =2
(e) ¥/ +2y +4y=8x*+12¢7*
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2.4 Methods for solving non homogeneous linear differential equations 33

) y'+2y +4y= 8x2 4+ 12¢* + 10sin3x

2.4.2 Method of variation of parameters
Techniques for determining a particular solution of the non homogeneous equation
Y'+py +qy=R(x)
Let y = c1y1(x) + c2y2(x) be the general solution of the corresponding homogeneous equations.
Now we replace ¢; & ¢, by a known function vi & v,
y(x) = viyi+wy
Y(x) = Viyi+viyl +vhya +vavh
= (Vi +vaya) + (Vi) +v2yh)
Let viy1 +vhy, =0
= Y = i+
Y' = Vv v iy + vy
= (Vi) +vayh) vy +vayh

Substituting y, y', and y” in the given equation we get

vi(y] =+ py + i) +v208 + pys +ay5) +Viy| +vhyh = R(x)

_ it =R <y1 yz) <V’1> _ ( 0 >
Viyi+viy2 =0 i Y) \v R(x)

/ _yZR( ) & Vv — yiR(x)

= V) =
y1,y2) W)
R(x R
= v —/ )2 a’x, vy = de
W y17y2 W(ylayZ)

R(x
)’1/ +w Y () dx
W )’17)’2 W(ylvyZ)

» Example 2.7 Find the particular solution of y” +y = cscx .

Solution: The corresponding homogeneaous equation is

Y'+y=0
= Yyg=cC18inx+cycosx
= y; =sinx y2 =cosx= W(y1,y2) =y1yh —yay1 = —sin’x —cos’x = —1
—»R(x)
W( )’1,y2

—cosxcscx COSX .
= /761)6:/,— = In(sinx)

—1 sinx
y1R(x)
W(yl 7)’2)

_ /smxcscxd _/ = —

Yp = Viy1 +v2y2 = sinxIn(sinx) — xcosx

Vi

V) =
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34 Ordinary Linear Differential Equation of the second order

m Example 2.8 Find the general solution of

y//+5y/+6y=e—x

Solution: The characteristics equation of the corresponding homogeneous DE is
m?+5m+6=0

Then the solution of the corresponding homogeneous equation is
Ye=cre ¥ +cre ™
—3x —2x
Usi iati f t ithyy=e ¥y =e XandW=| ¢ ¢ =e
sing variation of parameter with y; = e¢™*,yp = ¢ “" an = _3p3x g | TE€

Thus, we get

The general solution is:

1
y= cre ¥ ey F 4 Ee*x

= Example 2.9 Solve x2y" —3xy’ + 3y = 2x*e* -

Solution: Since the equation is non-homogeneous, we first solve the associated homogeneous
equation. From the auxiliary equation (m — 1)(m —3) = 0 we find y, = c1x+ c2x°.
The given differential equation can be written in the form

3 3
y' ==y + Sy= 2% e~
X X

Using variation of parameter, with y; = x,y, = x>, and W (yy, y2) = ‘ )lc 3xx2 =2x3.
R(x —x3(2x%e"
vy —n d — / de
W(y1,y2) 23
= - /x edx = —x2e* +2x6" — 2¢°
R 22
V2 I (x) dx = /x( x:x)
W(y1,y2) 2x
= /exdx =¢
Yy = vy vayy = (—xPet 4 2x6" —2¢%) (x) + () (1) = 247 — 2xe”
The general solution is
y=ygt+typ,=cix+ x> 4 2x%e" — 2xe*
Exercise 2.4 Find the general solution of
(@) y' —4y +4y = > d) x>y —xy' +y=2x
(b) y'+4y =sec2x;y(0) =1,y'(0) =2 (e) xzy” 2xy' +2y = x*e*
©) y' =2y +y=¢'lnx,x >0 ) x>y +xy —y=1Inx
|
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2.5 System of Differential equation 35

2.5 System of Differential equation

Definition 2.5.1 A system of DE of the form

dx;

? = all(t)xl(t) +a12(t)x2(t) +... —l—aln(t)xn(t) +f1(t)

dx

= an(On(0) +anmn()+.+a(tx) + £2(0)

(2.9)

dx,

o = (1)x1(2) +ana () x2(2) + - . . 4 aun(1)x, (1) + fu(2)
where the a;;(t)and fi(t) are specified functions on an interval /, is called a first-order linear
system. If f1j = f, = ... = f, =0, then the system is called homogeneous. Otherwise, it is
called nonhomogeneous.

= Example 2.10 An example of a nonhomogeneous first-order linear system is

dx t 2 .

— = eXx]+t°xy+sint
dt

dx tx1+3 t

— = tx X2 — COS
i 1 2

The associated homogeneous system is

dx] t P)

— = ex;+t'x
e 1 2

dx1

— = tx;+3x
e 1 2

Definition 2.5.2 By a solution to the system (2.9) on an interval / we mean an ordered n-tuple
of functions x; (), x2(¢), ..., x,(¢), which, when substituted into the left-hand side of the
system, yield the right-hand side for all tin /.

Definition 2.5.3 Solving the system (2.9) subject to n auxiliary conditions imposed at the
same value of the independent variable is called an initial-value problem (IVP). Thus, the
general form of the auxiliary conditions for an IVP is:

X1 (t()) = a17-x2(t0) - az,...,xn<[0) = O,

where a;, 0o, ..., O, are constants.

2.5.1 Homogeneous Linear System

consider the homogeneous linear system

B~ an(Oxl) +anl)y() (2.10)
% — an(O)x(t) +an(t)x()
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36 Ordinary Linear Differential Equation of the second order

Theorem 2.5.1 If the homogeneous linear system (2.10) has two solution

x=xi(t) o Jx=xn) 2.11)
y=y1(t) y=2(1)

on [a, b], then
x=c1x1(t) + caxa () (2.12)
y=ciyi(t) +caya(t)

is also a solution of (2.10) on [a, b| for arbitrary constants ¢ and ¢, and this solution (2.12)
is the general solution of (2.10) if

X1 (t) XZ(I)

yi(t) »() (2.13)

dose not vanish on [a, b]

m Example 2.11 Show that

x=—2e x=4e!
& , and ,
y=e y=e

1s a solution to

!/

X = x—28y
Y = —x+3y
on (—oo, o). Find the general solution of this system and obtain the particular solution for

which
x(0)=0, y(0)=6 n

2.5.2 Non-homogeneous Linear System

Theorem 2.5.2 If the two solutions (2.11) of the homogeneous system (2.10) are linearly
independent on [a, b] and if

x=x,(1)

y=yp(t)

is any particular solution of the non-homogeneous system

% — an () + an)y@) + £ (1) (2.14)
D= an(0x(0) +an)x(0) + ()

on [a, b] then
x = cix1(t) +coxp(t) +x,(2)

y = cyi(t) +eaya(t) +,(1)
is the general solution of (2.14) on [a, b]
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2.6 Operator method for Linear System with constant coefficients 37

Operator method for Linear System with constant coefficients

Consider the linear system of

% = anx(t)+any(t)+ fi(r)
dy
o= a1 x(t) +anx(t) + fo(t)
This system can be written in the equivalent form
(D—an)x — apy = filt) @.15)
—ax + (D—axn)y = flt) 2.16)

d
where D is the differential operator e The idea behind the solution technique is that we can now

easily eliminate y between these two equations by operating on equation (2.15) with D — apy,
multiplying equation (2.16) by a;», and adding the resulting equations. This yields a second-
order constant coefficient linear differential equation for x only. Substituting the expression
thereby obtained for x into equation (2.15) will then yield y.

m Example 2.12 Solve the IVP

!/

xX = x+2
y = 2x—2y, x(0)=1,y0)=0

Solution: Rewriting the system in operator form as
D—-1)x—2y = 0 (2.17)
—2x + (D+2)y = 0 (2.18)

To eliminate y between these two equations, we first operate on equation (2.17) with D+ 2 to
obtain
(D+2)(D—1)x—2(D+2)y=0
Adding twice equation (2.18) to this equation eliminates y and yields
(D+2)(D—1)x—4x=0 = (D*+D—6)x=0
This constant coefficient DE has auxiliary polynomial
m4+m—6=0 = (m+3)(m—-2)=0 = m=-3orm=2
Hence, x=cje ¥ +cre?
We now determine y. From equation (2.17), we have

1/d

y = - <(cle3’—i—C262’) — (cle3t+czeZt)> =~ (—dcie ¥ + cre*)

1
2 \dt 2
Hence, the solution to the given system of DE is
x=cre ¥+ cre¥

y= 1 (—4c1€73’ —1-0262’)

2
where c; and ¢, are arbitrary constants. Imposing the two initial conditions yields the following
. . 1 4
equations for determining c¢; and c;: cit+ce=1, -4ci+c=0 = ¢ = 3 = 3

Hence, the particular solution is
( e 3 44 62z)
( ez: _ ef3t)

s
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38 Ordinary Linear Differential Equation of the second order

m Example 2.13 Solve the IVP

X +y = 2cost
x+y = 0 x(0)=0, y(0)=-1

Solution: Rewriting the system in operator form as

Dx+y = 2cost (2.19)
x+Dy = 0 (2.20)

To eliminate x between these two equations, we first multiply on equation (2.20) with D and then

subtract from (2.19) to obtain

dzy

a2 —y = —2cost

D*y—y= —2cost —
which is a non-homogeneous second order ode.

The general solution of the corresponding homogeneous equation is :

ye(t) = cre' +c?e™!

and the fixed particular solution is
yp(t) = cost.
Hence, the general solution is
y(t) =cre' +cre™" +cost
Differentiating, we get
y(t) =c1e' —cre”" —sint
From equation (2.20) we obtain
x(t) = —cie' +cre”" +sint.
Therefore, the general solution of the given system of equation is
x=—c1e +cre ! +sint
{y =cie +cre” ! +cost
where c¢1 and ¢; are arbitrary constants. Imposing the two initial conditions yields the following
equations for determining c¢; and c;:
—ci+c=0,andci+cr+1=-1 = c1=-1, o =1
Hence, the particular solution is
x=¢é+e ' +sint
{y = —€' +e ' 4 cost

Exercise 2.5 Solve

® (b) ©
d d _ _ .
—x—|—4x+3y = t ¢zs = x+2y+t—1 Dx—3y 6asint
2 imisy = D 3xy2y_5—2 subject to x(0) =
a dt a, y(0)=0
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2.7 Applications of Second-Order Differential EQuations 39

Applications of Second-Order Differential Equations

Spring/Mass System

HOOKE’S LAW: states that the spring itself exerts a restoring force F opposite to the direction
of elongation and proportional to the amount of elongation s. i.e.,

F =ks

where k is a constant of proportionality called the spring constant.

equilibrium
position
mg —ks=10

motion

(a) (b) (c)

Figure 2.1: Spring/mass system

NEWTON’S SECOND LAW After a mass m is attached to a spring, it stretches the spring
by an amount s and attains a position of equilibrium at which its weight W = myg is balanced by
the restoring force ks. If the mass is displaced by an amount x from its equilibrium position, the
restoring force of the spring is then k(x + ).

Assuming that there are no retarding forces acting on the system and assuming that the mass
vibrates free of other external forces *free motion’ we can equate Newton’s second law with the
net, or resultant, force of the restoring force and the weight:

d’x

m- o = —k(x+s)+mg=—kx+mg—ks=—kx (2.21)

The negative sign in (2.21) indicates that the restoring force of the spring acts opposite to the
direction of motion. Furthermore, we adopt the convention that displacements measured below
the equilibrium position are positive. See Figure 2.2

Figure 2.2: Direction below the equilibrium position is positive.

Differential equation of free undamped motion : By dividing (2.21) by the mass m, we obtain
the second-order differential equation
d’x

o 0’x=0 (2.22)
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40 Ordinary Linear Differential Equation of the second order

where @? = E Equation (2.22) is said to describe simple harmonic motion or free undamped
motion. If th?system starts at + = O with an initial position xg and initial velocity x;, we have
initial condition’s x(0) =xp, and x'(0) = xj.

Thus, the general solution of (2.22) is

x(t) = c¢j cos @t + ¢, sin ot (2.23)
. o . L 1 2=z
The natural frequency is f = o and the period of motion is 7T = ? = The number
k
o = 4/ — (measured in radians per second) is called the circular frequency of the system.

m
Equation (2.23) can be re-expressed as

x(t) =Acos(wt — @)

where A = y/c? + 3 is Amplitude and
2

¢ =tan"!(cy2/c1), is phase angle. Where sin ¢ = %, cosg = —-
Differential equation of free damped motion: In the study of mechanics, damping forces
acting on a body are considered to be proportional to a power of the instantaneous velocity. In

particular, we shall assume throughout the subsequent discussion that this force is given by a

) dx . .
constant multiple of —. When no other external forces are impressed on the system, it follows
from Newton’s second law that

d’x dx
m—s = —kx—f— 2.24
dr? P dt (224)
where f3 is a positive damping constant and the negative sign is a consequence of the fact that
the damping force acts in a direction opposite to the motion.

Dividing (2.24) by the mass m, we find that the differential equation of free damped motion is

a2 d
—dtf + udi; T wlx=0 (2.25)
where 24 = E, w* = E
m

m

Case I: If 12 — ®? > 0. The system is said to be overdamped because the damping coefficient
B is large when compared to the spring constant k.

The corresponding solution of (2.25) is

x(t)=e M ((:1ev AP0 | e ’12_“’2’>

This equation represents a smooth and nonoscillatory motion.
Case II: If 12 — ®? = 0. The system is said to be critically damped because any slight decrease
in the damping force would result in oscillatory motion. The general solution of (2.25) is

x(t) = e M (1 +cot) (2.26)

The motion is quite similar to that of an overdamped system. It is also apparent from (2.26) that
the mass can pass through the equilibrium position at most one time.

Case III: If A2 — @? < 0. The system is said to be underdamped, since the damping coefficient
is small in comparison to the spring constant. Thus the general solution of equation (2.25) is

x(t) = e~ (c1 cos VAZ— @2t + ¢ sinV/A2 — 02t)

The motion is oscillatory; but because of the coefficient e=* the amplitudes of vibration —
Oas t = o0
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m Example 2.14 A spring with a mass of 2 kg has natural length 0.5 m. A force of 25.6 N is
required to maintain it stretched to a length of 0.7 m. If the spring is stretched to a length of
0.7 m and then released with initial velocity 0, find the position of the mass at any time . =

Solution: From Hooke’s Law, the force required to stretch the spring is
F=ks — k(02)=256 — k=128
Using this value of the spring constant k, together with m = 2 in Equation (2.21), we have
2
2% +128x=0
The solution of this equation is
x(t) = ¢1 cos 8t + ¢ sin 8t
We are given the initial condition that x(0) = 0.2. Hence, x(0) = ¢;. Therefore, ¢; = 0.2.
Differentiating the solution, we get
x'(t) = —8c sin 8¢ + 8¢ cos 8t
Since the initial velocity is given as, x'(0) = 0, we have ¢, = 0 and so the solution is
x(t) =0.2cos 8¢

m Example 2.15 Suppose that the spring of Example 2.14 is immersed in a fluid with damping
constant § = 40. Find the position of the mass at any time ¢ if it starts from the equilibrium
position and is given a push to start it with an initial velocity of 0.6 m/s. n

Solution: From Example 2.14 the mass is m = 2 and the spring constant is k = 128 , so the
differential equation (2.24) becomes

d*x dx

2— +40—+128x = O
dt2Jr dt+ o
d*x

dx
—+20—+64x = 0
az TP T
The auxiliary equation is > +20r + 64 =0 = (r+4)(r+16) = 0 with roots —4 and —16 ,
so the motion is overdamped and the solution is
x(t) = cre™ 4 cpe 1
We are given that x(0) =0, so ¢; + ¢, = 0 . Differentiating, we get

X(t) = —4cre™ —16c2e7 1% = ¥'(0) = —4c; — 16¢, = 0.6
Hence, we get c; = ¢, =0.05
Therefore,

x(t) = 0.05(e ¥ 47 10)

Exercise 2.6 1. A 4-foot spring measures 8 feet long after a mass weighing 8 pounds
is attached to it. The medium through which the mass moves offers a damping force
numerically equal to v/2 times the instantaneous velocity. The mass is initially re-
leased from a point 1 foot above the equilibrium position with a downward velocity of
3v/2 ft/s. (Take g = 32 ft/s%)

2. A mass of 1 kg, when attached to a spring, stretches it 2 m and then comes to rest in
the equilibrium position. Starting at 7 = 0, an external force equal to f(¢) = 8sin4r is
applied to the system. Find the equation of motion if the surrounding medium offers a
damping force that is numerically equal to 8 times the instantaneous velocity.
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42 Ordinary Linear Differential Equation of the second order

2.7.2 Electric Circuit

Consider the RLC Circuit below

Figure 2.3: LRC series circuit.

Kirchhoff’s Law The algebric sum of the voltage drops in a simple closed circuit is zero. The

. . . . dl .
voltage drop across the resistor, capacitor and inductor are given RI, —¢g, and LE respectively.
C

Hence
RI+L% + %q —E() (227)
Sincelz%l = ;Z:ng

d
The initial conditions may be ¢(0) = qo, d—(t]\ =0 =1(0) =1

To obtain a differential equation for current differentiating equ (2.27) with respect to time t,
R4 Ld21 ldg dE(r)

ot ca T a

Since — =1
dt

d’l Rdl 1 E()

o, 4 Rdl =4 2.29
di? Ldt cL dt ( )

1 1
The initial conditions may be 1(0) = Ip, and % li—0 = I
If E(t) = 0, the electrical vibrations of the circuit are said to be free.

We say that the circuit is

4L
overdamped if R? — Yoks 0
4L
critically damped if R — Yol 0

41
underdamped if R — < < 0

= Example 2.16 Find the charge ¢(¢) on the capacitor in an LRC series circuit when L =
0.25 H , R = 100hms , C = 0.001 farad , E(t) = 0, g(0) = go coulombs, and 7(0) = 0. n

m Example 2.17 Find the charge and current at time t in an LRC series circuit when L =1 H
,R=400w,C=16x10"*=10.0016 F, E(t) = 100cos 10¢, and the initial charge and current
are both 0. "
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Definition of Laplace Transform

Existence of Laplace Transform

Laplace Transform of Derivatives

Solving Differential Equation with polyno-
mial coefficient

System of Linear Differential equation

Unit Step function(Heaviside Function)
Convolution

Laplace Transform of the Integral of a
function

3 — Laplace Transform

3.1 Definition of Laplace Transform

Definition 3.1.1 The Laplace transform of a function f(z), denoted by F(s) = Z(f(¢)) is a
function defined by

F(s) = 2(0)= [ e fyan 31
0
for all s such that this integral converges.

Definition 3.1.2 The orginal function f(7) in (3.1) is called the inverse transform or invers of
F () and will be denoted by .Z~!(F (s))

ie. f(t) = 2\ (F(s))

» Example 3.1 Let f(r) =1 when ¢ > 0. Find F (s) u

Solution: From (3.1) we obtain

2(f) = Z(1)= / “e vt = tim [ e ¥di = lim (‘%ﬂ)
0

n—eo J n—oo Ky
= lim ll(e*m—l)
n—soo Ky

n

0

1
= =, (s>0
o (5>0)
m Example 3.2 Let f(7) = ¢* when ¢t > 0, where a is constant. Find .Z(f) "

Solution: By definition

n

F(s)=2(f(t)) = Z()= /wefste”’dt = lim | ¢ “"9dr = lim < -1 e(s")’>
0

n—es J n—eo \ § —a

0




44 Laplace Transform

Theorem 3.1.1 — Linearity of the Laplace Transform The Laplace transform is linear
operation; that is, for any function f(¢) and g(r) whose Laplace transforms exist and any
constants a & b,

L{af(t) +bg(t)} = aZ(f(1)) +bZL(g(1))

» Example 3.3 Let f(¢) = sinot. Find Z(f(t)) n

1
Solution: Since Z(e”)=——, seta=im withi=+/—1
s—a

: 1 s+iw s+iw s w
= 'Z 1ot — — — — i
(™) s—io  (s—io)(s+iw) s?+ o’ sz—i-a)szlsU-a)2
Since ¢/® = cos wt + isin ot (Euler’s Formule) and by theorem 3.1.1, we obtain
L) = Z(coswt+isinwr)
= ZL(coswt)+iZ (sinwt)

Equating the real and imaginary parts of these two equations, we get

Z(coswt) = ﬁ and .Z(sinwr) = o

f(t) Z(f(t))=F(s) Domain

1 ¢ (constant) < s>0
2 t sll s>0
3 " e s>0
4 ekt ﬁ s>k
5 sin kt ﬁ s>0
6 coskt = frkz s>0
7 coshkt T s>k
8  sinhks i s>k

Theorem 3.1.2 — (First Shifting Theorem) If f(¢) has the transform F (s) (where s > k), then
e f(t) has the transform F (s — a) (where s —a > k)

ie, L f(t)) = F(s—a)or
flt) = ZL(F(s—a)

= Example 3.4 Compute .Z(e? cos3t) n
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s—2

Solution: Since F(s) = Z(cos3t) = (s—2)2+9

ﬁ and a = 2, we have .Z(e? cos3t) =

1 6
: ~1
s Example 3.5 Find .¥ <S_4 — (S_4)2> "

1 1
Solution: Since £~ ! (e*) = — and L(1) =5 = L(1e") =
5 — s

(
) () )

Exercise 3.1 Compute
1. ZL(e"t")

1
2. Y 5—r——r
(s2+4s+13)

2s+4
3. LM 5
(s2+4s-|-5>

3.2 Existence of Laplace Transform

Definition 3.2.1 A function f has a jump discontinuous at a point # if the function has
different (finite) limits at # approaches 7o from the left and from the right or if the two limits
are equal but different from f(fy). Note that f (7)) may or may not be equal to either

lim f(r) or lim f(¢)

T —
=1, =1,

Definition 3.2.2 A function f defined on (0, o) is picewise continuous if it is continuous
on every finite interval 0 <t < oo, except possibly at finitely many points where it has jump

discontinuties
2 for 0<r<?2
3 fi tr=2

= Example 3.6 Let of "
1 for 2<t<2

—1 for 3<tr<4

3 @
2
B T OSSO SO .;HM*MH% i
o
0.5
4 ;
0 0,5 1 1.5 2 2,5 3 ER3 4
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Theorem 3.2.1 — Existence Theorem Let f(7) be a function which is picewise continuous
on every finite interval in the range ¢ > 0 and satisfies

|f(t)] < MM, vt >0 (3.2)

and for some constant k and M. Then the Laplace transform of f(r) exists for all s > k

Proof. Since f is piecewise continuous, e~ * f(¢) has a finite integral over any finite interval on
t >0, and
20 =| [ roa] < [Teiron
0 0

< / Mef‘“ektdl‘ _ M/ ef(sfk)zdt
0 0

M
= ——, s>k
s—k s

Z(f(t)) exists. (comparison theorem) [ |

3.3 Laplace Transform of Derivatives

Theorem 3.3.1 Suppose that f(¢) is contiuous for all 7 > 0, satisfies the condition
£(O)] < M

for some k and M, and has a derivative f(r) that is piecewise continuous on every finite
interval in the range 7 > 0. Then the Laplace transform of the derivative f/(r) exists when
s > k and

Z(f'(1) =sZ(f(1)) - £(0) 3.3)

Proof. Suppose f'(t) is continuous for all # > 0. Integrating by parts
200) = [ e W = e+ [ s o
0 0

— 0 (0)+s [ e fl)d = —f(0)+5ZL (1)

L) = sZ(f@) - £(0)
]

Theorem 3.3.2 — Laplace transform of the derivative of any order n Let f(z) and its
derivatives f'(t), f"(t), ..., f"~1(r) be continuous functions for all > 0, satisfies the
condition

|£(0)] < Me"

for some k and M, and let the derivative f(")(r) be piecewise continuous on every finite interval
in the range 7 > 0. Then the Laplace transform of the derivative f")(r) exists when s > k and
is given by

L(fM (1) =5"L(f(t) =" f(0) =" 2f(0)—...,— VO 34y
Forn=2, Z(f"(t)) =s>Z(f(t)) —s£(0) — £(0)
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= Example 3.7 Let f(¢) = cos’¢. Find Z(f(t)) .

Solution: We have f(0) =1, f'(t) = —2costsint = —sin2¢

Z(f'(1) = ZL(—sin2t) =sZ(f(t)) - £(0)

) , X )
R s.L(cos’t)—1 = s.Z(cos t):l_m
2
2 = S +2
Z(cos“t) = RNy
= Example 3.8 Let f(t) = ¢sinwr. Find Z(f(1)) .

Solution: We have f(0) =0, f'(t) = sinowr+twcoswt = f/(0) =0
f"(t) = 20 cos ot —t @* sin ot

L(f"(1r)) = s2L(f(1)) ~sf(0)— f'(0)
Z(2mcos wt —tw*sinwt) = s> £ (tsinwt) — 5.0 — 0
= 20.Z(cosot) — 0> L (tsinwt) = s>.Z(tsin ot)

20s
ol

4

(s> + @*) L (¢ sin wt)

2ws

= Example 3.9 Solve the IVP
a) y'—4y=0, y(0)=1,y(0)=2 b) y' =3y +2y=4r—6, y(0)=1, y(0)=3

Solution: a) Taking Laplace transform both sides and using differentiation property, we have

L' —4y) = ZL()-42()=0 = $SL()—s(0)—y(0)—4ZL(y) =0
(- 420) ~s-2=0

vl
-
[\

Ly(t)=e
b) y'—3y +2y=4r—6, y(0) =1, y'(0) = 3 Taking Laplace transform both sides
LG =3y +2y) = L (4t —6)
= L") -320)+22()=42(1) - Z(6)
4 6

= $2.Z(y) —sy(0) =y (0) = 35.2(y) +3y(0) +2.2(y) = S
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= (=342 L0Y) —s= ——
4—6s 4—6s+s°
= (S—Z)(S—l)g(y): 2 +s= B
(s—2)(s?+25—2) s*+25—2
sz(s—Z)(s—l) o s2(s—1)
52 2(s—1) 1 2
+ J—
s2s—1) s2(s—1) s—1

= Z)=

Loy(t) =€ +2¢

Exercise 3.2 Solve the IVP
1. y/+4y=0, y(0)=1, y'(0)=2
y' =5y +6y=e"", y(0)=0,y(0)=2
3. y/+4y=cost, y(0)=0
4. y'+4y +3y=¢", y(0)=1, y(0)=2

Solving Differential Equation with polynomial coefficient

Theorem 3.4.1 Let Z(f(t)) = F(s) for s > a, and suppose that F is differentiable. Then

d

—Z(f()) (3.5)

Lf) =

Proof. F(s) = Jo e f(t)dt
ds =2 / e (1) /m %e‘“"f(t)dt = /Ow —te " f(t)dt = =L (tf(1))

|
Ingeneral,
n n dn
L f(@1)) = (=1)" 5 F(s) (3.6)
» Example 3.10 Find Z(e 'tsin2t) n
Solution:

L(e"tsin2t)

—%f(e" sin2¢)

(i)
A(s+1)
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m Example 3.11 Solve the equation with variable coefficients

ry" —ty' —y=0, y(0)=0, y'(0)=3

Solution: LetY(s) = Z(y(1))

2010 = L2 =~ (PL0) - 9(0) -y (0))
= f%Z(szY(s)fs.O—ﬂ
= —(2sY(s)—|—s2Y’(s))

LW0) = 9 2() =L 620)-0)
= () =~ (5) +¥(5))

Thus, ty” —ty’ —y =0, y(0) = 0. Taking both sides Laplace transform.

L' =1y =y)=0 = L") - L(ty) - Z(y) =0
—(Y(s)+sY'(s))+Y(s)+sY'(s)=Y(s) =0
(s—sH)Y'(s) —2sY(s) =0 = s(s—1)Y' =2sY
g 2, aAr_ 2
15 ~ ds  1—s
dy 2
Y l—sds
InY = —2In(s—1)+1Inc
=oo T 2=

= yt)=2""! <(SC1)2> =cté

y(0) =0 Tofindc, )y (t) =ce' +cte' =y (0)=c=3

ol

4

4

C

(s—1)

4

y(t) = 3te

Exercise 3.3 Find
1. ZL(te 'sindt)
2. ZL(t*e¢* cos2t)

Exercise 3.4 Solve the IVP
1. 1y’ —y =212, y(0)=0
2.ty + (4t —2)y —4y=0, y(0)=1

3. 2y +1y =2y =10, y(0)=y'(0)=0
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3.5 System of Linear Differential equation

Consider
% = an(t)x(t) +an(t)y)+ f(t) G-D
% = ax (t)x(t) +axn(t)x(t) +g(t)

with initial conditions x(0) = x and y(0) = yo
By taking Laplace transform both equations in system (3.7) we can find the solutions of the
system.

= Example 3.12 Consider the system of initial value equation
Y +y = 621
X+ y' =

s.t x(0) =0, y(0)=0 n

Exercise 3.5 Solve system of differential equation

a. xX+y = 2cost
x+y = 0

s.t x(0)=0, y(0)=1

b.yl = y1+3»n

y’zl = 4y, —4¢
sty1(0) =2, y1(0) =3, y2(0) = 1,y(0) =2
c ¥ = —»

s = yi, y1(0)=1, y2(0)=0

3.6 Unit Step function(Heaviside Function)
A unit step function is defined by

0 if t<a
U(t—a)=U,(t)= a>0
1 if t>a

A general piecewise-defined function of the type

f(t)—{g(t) it 0<t<a

k) if t>a
is the same as

f(t) =8(1) —¢()U(t —a) + h(1)U (1 - a).
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Similarly, a function of the type

0 if 0<t<a
ft)=14g@), if a<t<b
0 if t>b

can be written

f(t) =) (U(t—a)=U(t—=D)).

The transform of U (t — a) is

LU —a) = /O T e (1 — a)de

oo e*St
= / e . 1dt = —
a N

—as

LU —a) = eT 5>0

oo

a

L(Ua(t)f(t—a)) = e “F(s)

Theorem 3.6.1 — Second shifting theorem If F(s) is the Laplace transform of f(¢), then

(3.8)

Proof.

LU f(t—a) = /meﬂfua(t)f(t—a)dt: /:e’“f(t—a)dt Leté—i—a

0

= [ e p@dg = e [T pgas

= e “F(s)

0, t<2

o 1o Find Z(f(t))

» Example 3.13 Let f(¢) = {

0, t<2

Solution: U, (1) = {1 5
. t>

LUt -2))=e *2L(t) =

1 —2s
» Example 3.14 Find the inverse transform of F(s) = +§
s

Solution:

1 %

LY F(s) = 27 <s2+s2):t+Uz(t)(t—2)

L 0<r<2
2(t—1) t>2
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Laplace Transform

m Example 3.15 Solve the IVP
Y'+y=g(t), y(0)=0,y(0)=1

0 0<r<l1
1 1<t<2

where g(1) = {

Solution: We can express g(¢) as U; (t) — Ua(1).
The Laplace transform of the IVP is

L)+ ZL(y)=Z(g)

)
= s°Z(y) —sy(0) — y’(O) +Z(y)=2ZU(1) - Z(Ua(1))

= (F+D)L00)-1=—-

1 e ef2s

211 s 621D

= Z@)=

= y)=2"" <szil> + £ <s(s§;1)

)= <s<s62—2: 5)

= y(t) =sint+U(t) [l —cos(t —1)] = Ux(t) [1 — cos(t —2)]

3.7 Convolution

Definition 3.7.1 The convolution of the function f and g written by f * g is defined by

(Fxg)(t /ft— T)dt, V>0 (3.9)

f(¢) and g(¢) respectively, then
ZL(f+g)t) =Z(f)<Z(g)

Theorem 3.7.1 — The convolution Theorem If F(s) and G(s) are the Laplace transform of

(3.10)

Properties of convolution

1. fxg=gxf
2. f*(gxh)=(f=g)=h (associative)
3. fx(g+h)=(f*g)+ (f*h) (Distributive)

» Example 3.16 Let H(s) = . Find A(z)

(2 +0?)?
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. 1 sin wt
Solution: We have ¥~} — | = )
s+ 0]
sinwt sin Wt
* - 72
w W w

h(t) =

L .
= —2/ sinotsino(t — 1)dt
w* Jo

Lo . .
= —2/ sin W 7[sin ®f cos WT — sin W7 cos wr|dT
- Jo

sinwt [ .
= 5 Sin T CoS OT —
(v 0

Cos

sinwt [T . coswt [t [/1
= 5 SINWTCOS WT — ——— ~+
0] 0 0] o \2

. r.n T .
sinw? | sin (OT} cos Wt [ 1  sin2w7
0

® | 20 ?

1
/ sinotsin(t — 7)dt
0

ot 1.
72/ sin® 0TdT
(v 0

20
cos ’L') gt

2 4w

w? 20 2w? 43

_ sinar [sin® wt] f cos Wt N cos f sin 2@t

®> | 20 20 203
1 cos wt

202

= wwt [sin2 t + cos® a)t] —

202

1 |[sinwt
—tcos ot

sinwr [sin? wt] { cos t N cos? ot sin ot

= Example 3.17 Solve the initial value problem

Y4y +13y =2¢ ¥ sin3r, y(0) =1, '(0) =0

Solution:

Integral equation

An equation of the form

o) = £0)+2 [ K op(eas

(3.11)

is called a Volterra integral equation, where A is a parameter and K(z,7) is called the kernel
of the integral equation. The Laplace transform is well suited to the solution of such integral
equations when the kernel K(z, 7) has a special form that depends on t and 7 only through the
difference r — 7, because then K (¢, 7) = K(z — 7) and the integral in (3.11) becomes a convolution

integral.
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m Example 3.18 Solve the Volterra integral equation
t
— e+ / sin(t — 7)y(1)d7
0

Solution: Taking laplace tarnsform both sides, we get

LO0) = .,2”<2e’—|— /0 tsin(t—r)y(r)dr)

- . is iy ( /O sin(t — f)y(f)df)

2 200
N 1+s+ 5241
S2
(1-257) 200 = 35 = (F5)2om=13,
o < Bt bt
W) = 275~ <s>+$-1<ljs>
y(t) = 2t—2+4e*’, fort >0

= Example 3.19 Solve the equation

Yty = [ sin(@n-d 3(0) =1, ¥(0) =0

Exercise 3.6 Solve
1. y'+y=+/2sinv2t, (O) 10,y'(0) =0
2.y +y=eYcos2t, y(0)=
r, 0<r<l1

3. Y +2y=f(t), y(0) =0, f(t)= 0. t>1

4.y +y= [ye?Ty(t—1)dt, y(0)=3
Y=y = fisinh()y(t—T)dT ¥(0) =1, ¥/(0) =0
6. y' —4y =2 [ysinh(27)y(r — 7)dT y(0) =1, ¥'(0)

(9}

0

3.8 Laplace Transform of the Integral of a function

Theorem 3.8.1 — Integration of f(r) Let F(s) be the Laplace transform of f(r). If f(z) is
piecewise continuous and satisfies an inequality of the form |f(¢)| < Me", then

bz </Otf(r)dr> _ %F(s), (550, s>K) (3.12)
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Or if we take the inverse transform on both sides

/Otf(f)dr = ¢! <1F(s)> (3.13)

S

1

= Example 3.20 Let Z(f(¢)) = m

. Find f(¢) .

1 1
Solution: We have . ~! () = sin @t . From (3.13) it follows that

52+ w?
1 1
K e — = —/ inwtdrt
<s(s2+w2)) o Jo "
_ 1 cos T |t _1 —coswr+ 1
) o ) o ®

1
= E(1 —Cos t)

) Y L L R R L
<z <S <s(sz—|—a)2) = 7 O(l cos@T)dt

t

)

w? 0}

1 sin wt
w w

1 sinwT
= —_ T—

Electric Circuit
Consider the RLC Circuit below

Figure 3.1: LRC series circuit.

In a single-loop or series circuit, Kirchhoff’s second law states that the sum of the voltage drops
across an inductor, resistor, and capacitor is equal to the impressed voltage E(t). Now it is known
that the voltage drops across an inductor, resistor, and capacitor are, respectively,

di(t) . 1.
LZ0 Rix), and E/Oz(‘c)dr

where I(t) is the current and L, R, and C are constants. It follows that the current in a circuit,
such as that shown in Figure 3.1, is governed by the integrodifferential equation

di(t)
dt

L

+Ri(t)+ % /Oti(r)dr =E(r)
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» Example 3.21 Determine the current i(z) in a single-loop LRC circuit when L = 0.1 7,R =
2 @,C=0.1 f,i(0) = 0, and the impressed voltage is E(r) = 120t — 120tU (t — 1) .
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Vector-Valued Functions
Plane and Space Curves
Vector Calculus
Curves, Arc Length and Curvature
Arc Length
Tangent and Curvature
Scalar Field and Vector Field
Scalar Field
Vector Field

4 — Vector Calculus

kil . LallKE

4.1 Vector-Valued Functions

A vector-valued function, or vector function, is simply a function whose domain is a set of real
numbers and whose range is a set of vectors.

Definition 4.1.1 A vector-valued function, or vector function, is a function r defined by

r(t) = f(0)i+g(1)j+h(t)k

where the component functions f, g , and 4 of r are real-valued functions of the parameter ¢
lying in a parameter interval /.

e Vector valued function can be used to study curves in plane or space.
e Vector valued function can be used to study the motion of an object along the curve.
e Vector valued function maps real number to vectors

m Example 4.1 Find the domain (parameter interval) of the vector function

1
r(t) = ;i-i— Vit—1j+Intk

1
Solution: The component functions of r are f () = p g(t) =+/t — 1 and h(t) = Int . Observe

that f is defined for all values of t except t = 0, g is defined for all # > 1, and h is defined for all
t > 1. Therefore, f, g, and h are all defined if # > 1 , thus, the domain of r is [1,)

4.1.1 Plane and Space Curves
Definition 4.1.2 1. A plane curve is defined as the set of ordered pairs (f(), g(¢)) together
with their defining parametric equations x = f(¢) and y = g(¢)
2. A space curve is the set of all ordered triples (f(¢), g(z), h(r)) together with their
defining parametric equations x = f(¢), y = g(¢) and z = h(r)
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2]

(f(n), g(), (1)
c

(fla), g(a), Ix(un//

ria)
(fk), g(b)) 0

(f(B), g(B), hib))

x X

Parameter interval [a, b]

Figure 4.1: As t increases from a to b, the terminal point of r traces the curve C .

p) The terminal point of position vector r(t) coincides with the point (x, y) or (x,y,z) on the
curve given by the parametric equation.

The arrow head on the curve indicates the curve’s orientation by pointing in the direction of

increasing value of ¢.

m Example 4.2 Sketch the curve defined by the vector function

r(t) =3costi—2sint j

Solution: The parametric equations for the curve are

x=3cost and y = —2sint
. y
cost = =, sint = —=
’ 2
22
X y
= —4+==1
9 + 4

The curve described by this equation is the ellipse shown in Figure (4.2). As t increases from 0
to 27 , the terminal point of r traces the ellipse in a clockwise direction.

2 [’ =7

(3cost, —2sinr)
(t=m) ) \(=02m)

HE

Figure 4.2:
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m Example 4.3 Sketch the curve defined by the vector function

r(t)=(2—41)i+(—143t)j+ (3 +2)k

Solution: The parametric equations for the curve are
x=2—-4t, y=—1+43¢t,and z=3+2¢

which are parametric equations of the line passing through the point (2, —1, 3) with direction
numbers —4 , 3, and 2.

Figure 4.3:

= Example 4.4 Find a vector function that describes the curve of intersection of the cylinder
x> +y> =4 and the plane x +y+2z =4 . "

(a) Intersection of the plane and the cylinder (b) Curve of intersection

Solution : If P(x,y,z) is any point on the curve of intersection C , then the x - and y -coordinates
lie on the right circular cylinder of radius 2 and axis lying along the z -axis. Therefore,

x =2cost and y = 2sint

To find the z -coordinate of the point, we substitute these values of x and y into the equation of
the plane, obtaining

2cost+2sint+2z=4 = z=2—cost—sint
So a required vector function is

r(t) = 2costi+2sintj+ (2 —cost —sint)k, 0 <t <2m
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4.2 Vector Calculus
Definition 4.2.1 — The Limit of a Vector Function. Let r be a function defined by r(r) =
f)i+g(t)j+h(t)k. Then

lim (1) = [1im £(1)] i+ [timg(r)] j+ [1im ()| &

t—a |:t—>a

provided that the limits of the component functions exist.

int
» Example 4.5 Find limr(t), where r(t) = (1 +£3)i+te ™" j+ %k .

t—a

Definition 4.2.2 — Continuity of a Vector Function. A vector function r is continuous at a
if

limr(t) = r(a)

t—a

A vector function r is continuous on an interval / if it is continuous at every number in / .

Definition 4.2.3 — Derivative of a Vector Function. The derivative of a vector function r
is the vector function r’ defined by

dr .. r(t+h)—r()
= — = 1 B ——

di o h

r'(t)

provided that the limit exists.

e The vector /(1) is called the tangent vector to the curve defined by r at the point P,
provided that /(¢) exists and /(1) #0 .

e The tangent line to C at P is defined to be the line through P parallel to the tangent
vector /(r).

e The unit tangent vector

0
0=

which has unit length and the direction of 7/

rit+h)=rit)
h

(a) Thesecant vectnr."?j (b) T he tangent vector r'(¢)

Theorem 4.2.1 — Differentiation of Vector Functions Let r(r) = f(t)i + g(t)j + h(t)k
where f, g, and h are differentiable functions of t . Then

(1) =f'(0)i+g () j+ )k
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» Example 4.6  (a) Find the derivative of r(t) = (> +1)i+e~j —sin2tk
(b) Find the point of tangency and the unit tangent vector at the point on the curve corre-
spondingtot =0 .

Solution: (a). Using the theorem, #/(1) =2t i—e™" j—2cos2t k
(b). Since r(0) =i+ j, we see that the point of tangency is (1,1,0). Next, since r/(0) = —j — 2k,
we find the unit tangent vector at (1, 1,0) to be

P12

TO= o1 =5

m Example 4.7 Find parametric equations for the tangent line to the helix with para- metric
equations

x=3cost, y=2sint, z=t

at the point (0,2, 7/2) n

Solution: The vector equation of the helix is r(f) = 3cost i +2sint j+1 k, so
r(t) = —3sint i+2cost j+ 1k

The parameter value corresponding to the point (0,2, 7/2) is t = /2 so the tangent vector
there is /(7 /2) = (—3,0,1). The tangent line is the line throug (0,2, 7/2) parallel to the vector
(—3,0,1). So its parametric equations are

T
x = —3t y:2 Z:§+t

Theorem 4.2.2 — Rules of Differentiation Suppose that u and v are differentiable vector
functions, f is a differentiable real-valued function, and c is a scalar. Then

d / /
1. E[u(r) +v(t)] =u'(r) £V (1)

d /
2. %[cu(t)] =cu/(1)
3. L f@un)] = fe)u(t) + f(1)u'(¢)
4. i[u £)-v(e)] =u(t)-v(t) +ulr) V(1)

(
5. —[u(t) xv(t)] =u'(t) x v(t) +u(t) x V(z)
u(£(6))] = () f(¢) Chain rule

Definition 4.2.4 — Integration of Vector Functions. Let (1) = f(¢)i+g(t)j+ h(t)k where
f, g, and h are integrable functions of t. Then
1. The indefinite integral of r with respect to t is

o oo [ o]
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2. The definite integral of r over the interval [a, b] is

/ahr(t)dt = [/abf(t)dt] i+ [/:g(t)dt} j+ [/abh(t)dt] k

= Example 4.8 Find [ r(t)dt if r(t) = (t 4+ 1)i+cos2tj+ ek .

p) Ingeneral, the indefinite integral of r can be written as
Jr()dt=R(t)+C

where C is an arbitrary constant vector and R'(¢) = r(z) .

4.3 Curves, Arc Length and Curvature

Definition 4.3.1 A curve C is closed if it has a parametrization whose domain is a closed
interval [a, b] such that r(a) = r(b).

Definition 4.3.2 1. A vector valued function r defined on an interval / is smooth if r has
a continuous derivative on  and () # 0 for each interior point t.
A curve C is smooth if it has a smooth parametrization.

2. A continuous vector valued function r defined on an interval / is piecewise smooth if /
is composed of a finite number of subintervals on each of which r is smooth and if r has
one-sided derivatives at each interior point of /.

A curve C is piecewise smooth if it has a piecewise smooth parametrization.

m Example 4.9 Show that the standard unit circle is smooth. "

Solution: The circle can be parametrized by
r(t) =cost i+sint j, for 0<r<2x;
The function r is differentiable on [0, 27], and
r(t)=—sint i+cost j for 0<r<2m

Thus, 7' is continuous on [0,27], and

|7 (t)]| = /(—sint)2+ (cost)2=1 = r/(t)#0 foreach t € [0,27]

It follows that the circle is smooth.

m Example 4.10 Show that the helix
r(t) =cost i+sint j+tk

1s smooth n

Solution: Since r/() = —sinz i +cost j+k, it follows that /’ is continuous, and r/(r) # 0 for
every t. Therefore, the helix is smooth.
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m Example 4.11 Show tha the curve
r(t) = a(t —sint)i+a(l —cost)j, for —2m <t <2xm

which parametrizes two arches of a cycloid, piecewise smooth. "

Solution: We find that
¥ (t) =a(lt —cost)i+asint j

= ' is continuous but r is not smooth because ' (0) = 0.
How ever, r/(¢) # 0 if t is not —27,0,27.
Therefore, r is smooth on (—27, 0) and on (0, 27), and hence r is piecewise smooth.

Parametrization of line segment

Suppose (xo,Y0,20) and (x1,y1,z1) are distinct points in spae, and consider the parametric equa-
tions

x=x0+ (x1 —x0)t, y=yo+ (y1 —yo0)t, 2=20+ (21 —20)t 4.1)

Since (x,y,z) = (x0,Y0,20) att = 0 and (x,y,z) = (x1,y1,21) atz = 1, it follows that (4.1) gives
parametric equation for the line through (xo, yo,z0) and (x1,y1,21).
More over,

r(t) = [xo+ (x1 —x0)t]i + [yo + (v1 — y0)t]j + [z0+ (z1 — z0)t]k, for0 <t <1 (4.2)

is a smooth parametrization of the line segment from (xo,yo,z0) to (x1,y1,21).

» Example 4.12 Find a parametric representation of a line segment from (3,—1,5) to
(5,-5,5) n

Solution: r(¢t) = (3+2t)i— (1+41)j+5k, 0<r<1

Arc Length
Definition 4.3.3 Let C be a curve with a piecewise smooth parametrization r defined on [a,
b]. Then the length [ of C is defined by

b
l:/a 17 (1) |1 dt 4.3)

If r(r) = x(t) i+ y(t) j+2z(t) k,a <t < b then (4.3) can be rewritten as

1= [ @R+ 2 o par

m Example 4.13 Find the length / of the segment of the circular helix

r(t) =costi+sint j+tk, 0<r<2xm

Solution: [ = 2v/27x
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m Example 4.14 Find the length [ of the curve

6
r(t):ti+§t2j+t3 k, —1<t<1

Solution: [ =4

p) The length [ of the polar graph » = f(0) on [a, B] is given by

1= [7 )+ (o) 7a0

m Example 4.15 Find the length [ of the cardioid
r=1—cosf for0<0<27mw

Ans. [ =8 "

p) The curve C described by the vector function r(t) with parameter 7 in some parameter inter-
val [ is said to be parametrized by . A curve C can have more than one parametrization.
For example, the curve

r() =<6’ > 1<r<2
could also be represented by the function
r(u) =< e e e >0<r<In2

where the connection between the parameters ¢ and u is given by ¢ = .

Definition 4.3.4 Let C be a smooth curve parametrized on an interval [a, b] by
r(t)=x(t)i+y(t) j+z(t) k, fora<t <b

then the arc length function s is defined by

50 = [ Irwlda= [ /o0@)+ (/)2 + () Pauorr €1
) = IOl = E0R+ 007+ 0P

p) s(r) is the distance along C from initial point to the point (x(z),y(t),z(t))

= Example 4.16 Find the arc length function s(z) for the circle C in the plane described by

r(t) =2costi+2sintj 0<t<2x;

Solution: s(t)=2r 0<r<2r = r(s)=2cos (%) i+2sin (%) j, 0<s<dn

p) r'(s)is a unit tangent vector.
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4.3.2 Tangent and Curvature

Definition 4.3.5 Let C be a smooth curve and r a (smooth) parametrization of C defined on
an interval /. Then for any interior point t of /, the unit tangent vector 7'(z) at the point r(¢)
is defined by

r'(t)

Ol

T(1)

m Example 4.17 Find the tangent vector T(t) to the circular helix

r(t) =2costi+2sintj+3tk 0<t<2m

Definition 4.3.6 Let C be a smooth curve and r be a (smooth) parametrization of C defined
on an interval [ such that r’ is smooth. Then for any interior point t of I for which 7”(¢) # 0,
the normal vector N(¢) at the point r(¢) is defined by

T'(1)

NO= 0]

= Example 4.18 Find the normal vector N(t) to the circle

r(t) =acost i+ asint j

Curvature

e [t is a measure of how sharply a curve bends.
o [t is the magnitude of the rate of change of the unit tangent vector T with respect to the arc
length parametr s.

Definition 4.3.7 Let C be a smooth curve parametrization r such that 7’ is differentiable. Then
the curvature

» Example 4.19 Find the curvature .7~ of the parabola parametrized by

ar a
dt ds

o)
0]

T
H (1) = Hds

rt)=ti+1*j

. Il _ 2
Solution: 7 (t) = O] = (114232

Exercise 4.1 Show that the curvature of a circle of radius a equals % n
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4.4 Scalar Field and Vector Field
4.4.1 Scalar Field

A scalar function is a function which is defined at each point of a certain set of points in space
and whose values are real numbers depending only on the points in space but not on the particular
choice of the coordinate system. The domain D of a scalar function may be a curve, a surface, or
a three dimensional region in space.

The function f associated with each point in D a scalar, a real number, is said to be a scalar field
in D.

4.4.2 Vector Field
Definition 4.4.1 Let D be a region in the plane (R?). A vector field in R? is a vector-valued
function F that associates with each point (x,y) in D a two-dimensional vector

F(x,y) = P(x,)i+0(x,y)]

where P and Q are functions of two variables defined on R?.
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